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A LTHOUGH the behavior of a steady, two-dimensional,
laminar free jet has been treated in detail by many

workers such as Pai1 and Schlichting,2 there is still limited
information on the flow development region near the nozzle
exit, the effect of exit conditions on flow characteristics, the
location of the virtual origin, and the location at which the
velocity profile becomes very nearly self-preserving. Few
detailed experimental studies have been reported, mainly
because the laminar free jet has limited applications.
Numerical solutions have been sought by Pai and Hsieh3 and
Hornbeck.4

Velocity profiles fluctuating about a mean are common in
practice. However, unsteady, two-dimensional, laminar free
jets issuing into a stationary medium have scarcely been
explored either experimentally or theoretically. This is mainly
because unsteady laminar jets normally become turbulent
shortly after leaving the nozzle. Closed form solutions always
entail certain assumptions which limit their range of validity.
For instance, McCormack et al.5 obtained a closed solution
for the mean velocity of a gas jet in the near-field region with
a source of periodicity at the orifice by employing the method
developed by Lin.6 However, the solution is only valid for
high frequencies. The problem of unsteady mixing of com-
pressible fluid has been studied by Pai7 with perturbation
techniques. Recently, Kent8 computed the unsteady laminar
axisymmetric jet by using an integral method which reduces
the number of spatial coordinates from two to one. This
greatly reduces computation in terms of space and time but
suffers from the drawback that accurate velocity profile
information cannot be obtained.

The objectives of this study are to use the case of a laminar
free jet to develop an efficient transformation technique
which is applicable to the computation of unsteady turbulent
jets, to study the mean flow development of steady and un-
steady laminar free jets, and to examine the unsteady effects.

Governing Equations
Consider a two-dimensional, constant property laminar

free jet issuing into a stationary medium with a velocity field
which is perturbed from an initially steady value «, (x,y) by a
sinusoidal mass flow variation of amplitude e superimposed
at the nozzle exit. Following Schlichting,2 an order of
magnitude analysis indicates that to a first approximation, the
stream wise pressure gradient term can be neglected. Hence,
the pressure ceases to be an unknown function and the
nondimensional thin shear layer equations are given by

du dv_____ i __ _ r\
dx dy

du du du d2u

(i)

(2)

respect to the mean centerline velocity at the nozzle, u*ci. All
length scales are nondimensionalized by the nozzle half-
width, hw. The nondimensional time t and circular frequency
co of the nozzle mass flow perturbation are referred to h2Jv
and v/h2

wy respectively, where v is the kinematic viscosity.
The boundary conditions on the centerline and at the edge

of the jet can be expressed by

y = 0, (3a)

(3b)

The time-varying boundary condition at the nozzle exit is
given by

t>0, x=0, u = u0( (4a)

Here u0 (y) is the nondimensional mean velocity profile at the
nozzle exit.

For all locations downstream of the nozzle, the initial
conditions are given by

t = 0, x>0, u = Ui (4b)

Transformed Variable Form
Because the jet spreads away from its centerline, it is ad-

vantageous to transform Eqs. (1-4) so that the width of the jet
in the transformed spatial coordinates (£77) is almost in-
dependent of the streamwise distance f. Thus, the velocity
profile at any downstream f-station can be represented by
velocities at a set of predetermined transverse locations. The
transformation variables used are based on the similarity
solution for the steady jet by Bickley9 because the spreading
rate of the jet is known where the similarity solution is
reached. Hence, a dimensionless transverse distance r; and a
dimensionless stream function/are defined by

(5)

(6)

where a, b, and f0 are arbitrary constants which can be varied
to facilitate computation, x has been renamed as f, and \l/ is
the dimensionless stream function in the (&t,y) coordinates.

The function/automatically satisfies Eq. (1). By choosing
alb — !/3 for convenience, Eq. (2) can be rewritten as

(7)r
J ab

where prime denotes differentiation with respect to rj.
The boundary conditions in Eq. (3) become

t>0
r> = 0, f"=0,

, = «, /'=0

(8a)

(8b)

Here u and v are instantaneous velocities in the streamwise x
and transverse y direction and are nondimensionalized with
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The boundary conditions at f=0 in the (17,0 plane are ob-
tained by writing Eq. (4a) as

(9)

The initial conditions at t = Q in the (£77) plane [Eq. (4b)] are
generated by the solutions// (f,rj) of the following steady jet
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equation obtained from Eq. (7) by eliminating the time-
dependent term.

P'-£r-/"^r (10>

Method of Solution
Because the initial conditions along the (f,r;) plane are

generated by solving the steady jet Eq. (10) subject to Eqs. (8)
and (9), the stream wise flow development of the steady jet can
also be studied. Both Eqs. (7) and (10) are parabolic and can
be solved by a marching procedure. The finite difference
scheme employed is the Box Method developed by Keller,ld

and described in detail by Cebeci and Bradshaw.n The
scheme has been applied successfully to two-dimensional
time-dependent flows by Cebeci.12

Results and Discussion
Steady Jet

Two initial velocity profiles u0 (y) are investigated, namely
parabolic and rectangular profiles. Convergence of the
velocity profile is satisfied at each f-station after two or three
iterations except for the initial development where five or six
iterations are required. In both cases, the sensitivity of the
solution to different grid sizes was tested and the momentum
in the streamwise direction was found to be conserved to
within about 1%. For the initially parabolic profile, only 24
grid points in the transverse ^-direction were used throughout
the computation. In terms of storage and computing time, the
present method, through the employment of a transformation
and the Keller Box numerical scheme, shows substantial
improvement over the method of Pai and Hsieh.3 They
started their solution at f=0 with 200 grid points in the
transverse rj-direction and as the computation proceeded
downstream, this number was increased to 4000.

The computed decay of centerline velocity uc in Fig. 1 is in
excellent agreement with that of Pai and Hsieh.3 Very little
experimental data have been reported. One set of results from
Chanaud and Powell,13 corresponding to their stated
Reynolds number of 68 based on average nozzle velocity,
agrees fairly well with the numerical solution (Fig. 1) after a
correction. From the reported exit velocity profile of
Chanaud and Powell,13 the Reynolds number based on the
centerline velocity should be 114.

A plot of computed values of u~3 vs f is essentially a
straight line for 0.07 <f< 10.1 and extrapolation indicates
that the virtual origin is at fy = -0.088. Hence, the starting
point of self-preservation is given by f5 ̂  0.07. Unfortunately,
experimental data for the location of the virtual origin and the
starting point of self-preservation for the laminar free jet are
not available. The similarity solution plotted in Fig. 1 using
the above location of the virtual origin indicates that self-

preservation is actually attained earlier than would have been
predicted by assuming the virtual origin to be at the nozzle
exit.

For the initially rectangular profile, the maximum number
of grid points used in the transverse direction was only 38.
The self-preserving velocity profile is obtained at ^ = 0.3 and
the virtual origin is located at fv = -0.222. As shown in Fig.
1, the numerical results agree well with those of Pai and
Hsieh.3

Unsteady Jet
Only a parabolic mean velocity profile u0 (y) at the nozzle

with sinusoidal perturbation of frequency co is considered.14

The steady-state solution is regarded as attained when the
velocity profiles repeat for a few periods. The maximum
number of grid points used in the transverse direction is 30
and the convergence rate is comparable to that of the steady
jet. In the absence of guidance from available experimental
and numerical data, results were obtained for co = 0.1, 1,5, 10,
and 100 with e = 0.1. In all the computed cases at various
frequencies, the mean momentum flux in the streamwise
direction is conserved to within 1 %.

At all the computed frequencies, the mean velocity profiles,
mean entrainment, mean centerline velocity, and mean jet
spreading for the periodically pulsed jet are found to differ
insignificantly from those for the steady jet. A set of
calculations for co= 10 with e increased to 0.2 again yielded
mean results which follow closely those for the steady jet.
This is perhaps due to the absence of large scale vortices
induced within the range of frequencies and amplitude of
pulsation tested. However, for jets oscillating with high
frequencies (co> 5) or at large streamwise distance (f > 1) from
the nozzle, instantaneous velocity profiles depart significantly
from quasisteady values. Here quasisteady solutions over a
region of interest refer to values approximated by a sequence
of steady jet solutions, each of which corresponds to the
instantaneous conditions at the nozzle. The phase angle
between the steady-state fundamental component of the
centerline velocity at any streamwise station and that at the
nozzle exit is a lag which increases with both frequency and
streamwise distance.

Unsteady effects are also apparent in the form of har-
monics which distort the waveform for the variation of the
steady-state instantaneous centerline veclocity with time. The
peak-to-peak oscillation, F, of the steady-state instantaneous
centerline velocity expressed as a percentage of the mean value
at any downstream station is much larger than its initial value
of 20% at the nozzle. A plot of the variation of F with f is
shown in Fig. 2. Although the results are scattered, they do
show a trend. For a given f, F increases with frequency.
Furthermore, F increases with f and for large co it appears to
increase at a slower rate if f is sufficiently large, say f>l .
However, for lower frequency such as o> = 0.1, Fonly starts to
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Fig. 1 Variation of nondimensional
centerline velocity uc for steady jet with
streamwise distance £ from the nozzle, o,
Pai and Hsieh; x, Chanaud & Powell;
...., this investigation; ——, similarity
solution with virtual origin at nozzle exit;
———, similarity solution with virtual
origin at ^=-0.088 for initially
parabolic velocity profile and £v = -
0.222 for initially rectangular velocity
profile.
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Fig. 2 Variation of percentage peak-to-
peak oscillation of centerline velocity (F)
with stream wise distance for e = 0.1.
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increase sharply for f> 1. The accuracy of the numerical
technique was extensively evaluated and the authors believe
that the behavior of F for f > 1 is a correct prediction within
the framework of the thin shear layer equations.

Conclusions
The transformation used in solving the thin shear layer

equations for the unsteady laminar free jet is successful in
reducing substantially the number of grid points in the
transverse direction when compared with methods of other
workers. It therefore has potential in turbulent jet
calculations. Although the unsteady effects, which are im-
portant in the prediction of instantaneous quantities, do not
influence the mean quantities within the computed frequency
range, both theoretical and experimental studies of their
influence on the mean flow characteristics at frequencies
several orders of magnitude higher than those presented here
are warranted.
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Introduction

WHEN a spherical shock encounters a planar or conical
wall, a shock transition from regular to Mach reflection

takes place depending on its angle of incidence, as shown in
Fig. 1. This Note presents an approximate method to predict
the triple point trajectory of a strong spherical shock over a
planar or conical wall.
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